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When there is a HVAC power transmission line near a HVDC transmission line, the nonlinear ion flow field around the DC 

transmission line due to corona becomes more complex because the AC field affects the movement of the ions in the space. In this 
paper, a pair of first-order partial differential equations of the ion densities in time domain is derived. Then, a time-domain iterative 
approach based on the method of characteristics is presented to calculate the ion flow field around AC-DC hybrid transmission line. 
The advantage of the method is that almost all the variables can be obtained via analytic formulas and no large-scale system of 
equations needs to be solved. The calculated and the measured results are in good agreement. 
 

Index Terms—Corona, electromagnetic fields, transmission lines, time-domain analysis. 
 

I. INTRODUCTION 

UE to the lack of rights-of-way (ROW), DC and AC 
power transmission lines sharing the same ROW has 

become a trend. In this situation, the nonlinear ion flow fields 
around HVDC transmission lines due to corona become more 
complex. Firstly, the surface field of the DC conductors is 
modified by a superposed AC component. The intensity of the 
corona discharge on the DC conductors will vary with the AC 
field. Secondly, the trajectory of the space charges is modified 
by the AC field [1]. As the space charges can affect the 
original field significantly, it is interesting to analyze the ion 
flow field around AC-DC hybrid transmission lines. 

Many methods, such as FEMs, finite volume method, mesh-
less method, and some integral equation methods have already 
been used [2-5] to calculate the stable ion flow field around 
HVDC transmission lines. Most of them need to set up large-
scale system of equations. As the ion flow field around AC-
DC hybrid transmission lines is a time-varying field, the scale 
of the equations will be very large if the above methods are 
used [6]. Paper [7] used the method of characteristics to calcu-
late the ion flow fields. The advantage of the method is that 
almost all the variables can be obtained via analytic formulas 
and no large-scale system of equations needs to be solved, 
which means the method is suitable for large-scale calculation. 
However, only stable field has been solved until now.  

In this paper, a pair of time-domain first-order partial dif-
ferential equations determining the distribution of ion densities 
is derived. An iterative approach based on the method of char-
acteristics is presented to calculate the ion flow field around 
AC-DC hybrid transmission line in time domain. 

II. BASIC EQUATIONS 

In time domain, the ion flow field should obey following 
equations [6]: 
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where E is the electric field strength, ρ+ and ρ- are the absolute 
values of positive and negative ion densities, ε0 is the permit-
tivity of air, J+ and J- are positive and negative ion current 
density, k+ and k- are positive and negative ion mobilities 
which describe the effect of the electric field on the movement 
of the ions in the space, W is wind velocity vector, R is the 
coefficient of recombination of ions, and e is electron charge 
(1.602×l0-19 C). The potential on the ground plane is zero, and 
the potentials on the surfaces of the conductors are known.  

III. METHOD OF CHARACTERISTICS 

By substituting (1) and (2) into (3), a pair of first-order par-
tial differential equations is derived: 
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The method of characteristics can convert a partial differen-
tial equation into an ordinary differential equation, and an ana-
lytic formula can be derived. For the fields near the transmis-
sion line, 2D model can be used. For example, the equation for 
positive ions can be derived from the first equation of (4).  

Let xxx WEkA   , yyy WEkA   , 0/ kB , and

   )//( 0 eRkD , then along the “characteristic line” 

defined by dx/dt=Ax and dy/dt=Ay, the first equation of (4) be-
comes an ordinary differential equation: 
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If the characteristic lines are divided into short segments and 
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in each segment B and D are constants, the solution of above 
equation in the segment along the characteristic lines would be 
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where C is a constant due to integral, which can be decided if 
ρ+ at a point on the “characteristic line” is known. If the space 
is divided in to several elements and the electric field and ρ- 
are constants on each element, the new position of the element 
(x2, y2) and the value of the ion density ρ2

+ at time t2 can be 
determined by the corresponding values at time t1 along the 
“characteristic line”:  
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IV. ION FLOW FIELD CALCULATION 

Since the electric field and the ions affect each other, it is a 
nonlinear problem, which can be solved by an iterative meth-
od. The main iterative process of the method is: 

1) Initialization 
The region of interest is subdivided into small elements. 

The iterative process is started by assigning initial values to ρ+ 
and ρ- in the small elements. These initial values can be the 
stable ion flow field around the HVDC transmission lines 
when there are no voltages on the AC transmission lines, 
which can be obtained by the method mentioned in the intro-
duction of this paper [2-5].  

2) Updating ion density in the space  
Let the voltages on the AC transmission lines vary with 

time, the electric field in the space at time t2= t1+Δt can be 
calculated by accumulating all the contributions from the ions 
and the charges on the conductors. Thus, for each element, the 
value of the ion density ρ2

+ at time t2 and the new position (x2, 
y2) can be determined from (7). Then, a linear interpolation 
method is used to obtain the new ion densities in all the ele-
ments because the ions obtained from (7) have moved away 
from the elements.  

3) Updating ion density next to the DC conductor 
The electric fields on the surfaces of the DC conductors are 

calculated with the updated ions and the charges on the con-
ductors at time t2. Then, the ion densities of the element next 
to the DC conductors will be reset according to the gap be-
tween the calculated electric field and the onset value of coro-
na to keep the electric field on the DC conductor surface at the 
threshold [3, 4].  

4) Repetition Process 
Step 2 and step 3 will be repeated for several power periods 

until the gap of the peak ion densities next to the DC conduc-
tors obtained in two consecutive periods is smaller than a 
specified tolerance (in this paper, it is 1%). 

Because just analytic formulas are used in the approach ex-

cept for the linear interpolation, the requirement for computer 
memory is low. 

V. VALIDATION 

Both DC and AC components of the ground level electric 
field and ion current density under a DC conductor have been 
measured when an AC conductor was nearby [1]. Fig. 1 shows 
the assignment of the experiment. Fig.2 and Fig. 3 show the 
measured and calculated DC components. Due to limited 
space, the AC components will be presented in the final paper. 
The results are in good agreement.  
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Fig.1. Reduced-scale AC-DC hybrid line model. 

 

 
Fig.2. Ground level DC electric field 

 

 
Fig.3. Ground level DC ion current density 

REFERENCES 
[1] Bo Zhang, Wei Li, “Study on the field effects under reduced-scale 

DC/AC hybrid transmission lines,” IET GENERATION TRANSMISSION 
& DISTRIBUTION, vol. 7, pp. 717-723, Jul. 2013. 

[2] M. Abdel-Salam and Z. Al-Hamouz, “A finite-element analysis of bipo-
lar ionized field,” IEEE Trans. Industry Applications, vol. 31, pp. 477-
483, May 1995. 

[3] Y. Zhen, X. Cui, T. Lu, X. Zhou and Z. Luo, "High efficiency FEM 
calculation of the ionized field under HVDC transmission lines," IEEE 
Trans. Magnetics, vol.48, pp. 743-746, Feb. 2012. 

[4] G. Huang, J. Ruan, Z. Du, et al., “Highly stable upwind FEM for solving 
ionized field of HVDC transmission line,” IEEE Trans. Magnetics, vol. 
48, pp. 719-722, Feb. 2012. 

[5] F. Yang, Z. Liu, H. Luo, X. Liu, “Calculation of Ionized Field of HVDC 
Transmission Lines by the Meshless Method,” IEEE Trans. Magnet-
ics, vol. 50, no. 7, pp.7200406, July 2014. 

[6] W. Li, B. Zhang, R. Zeng, et al., "Dynamic Simulation of Surge Corona 
with Time-dependent Upwind Difference Method," IEEE Trans. Mag-
netics, vol.46, no.8, pp. 3109-3112, Aug. 2010. 

[7] J. L. Davis and J. F. Hoburg, “HVDC transmission line computations 
using finite element and characteristics method,” Journal of Electrostat-
ics, vol. 18, pp. 1-22, Jan. 1986. 


